In this paper, some new results about the existence of positive solutions for singular semi-positone boundary value problems are obtained. The results of this paper partially improve the former corresponding work.  2002 Elsevier Science (USA). All rights reserved.
Introduction
In this paper, we consider the following singular boundary value problem:
−y (t) = f (t, y) + q(t), 0 < t < 1, y(0) = y(1) = 0, (1.1) studied in the literature [1] [2] [3] [4] [5] . However, only a few results [6] [7] [8] have been obtained when q − (t) ≡ 0 (semi-positone problem) for t ∈ (0, 1). In most of applications, the physical interest lies in the existence of positive solutions. In this paper, by using the fixed point index and approximation method, we obtained some existence results about the positive solution for boundary value problem (1.1). Different from the results in [7, 8] , here we do not need the assumption that f (t, y) is nonincreasing with y ∈ (0, +∞), which is essential for the technique used in [7, 8] . The results of this paper is partially an improvement of the results in [7, 8] .
In the sequel, we will always assume that (H 1 )-(H 4 ) hold. By a positive solution of problem (1.1), we mean a function y ∈ C[0, 1] ∩ C 2 (0, 1) satisfying the boundary value problem (1.1) and y(t) > 0, t ∈ (0, 1).
Several lemmas
Concerning the above problem (1.1), we make the following hypotheses:
where φ ∈ C(0, 1) with φ > 0 on (0, 1), g > 0 is continuous and nonincreasing on (0, +∞), h 0 is continuous and nondecreasing on [0, +∞).
(H 4 ) lim y →+∞ (f (t, y)/y) = +∞ uniformly on any compact subinterval of (0, 1).
For any n ∈ N , let us define a mapping
where w(t) = 1 0 G(t, s)q − (s) ds, and the Green's function
Lemma 1. For each n ∈ N , T n : P → Q is a completely continuous operator.
Proof.
For any x ∈ P , let y(t) = (T n x)(t). Assume that y = y(t 0 ) for some t 0 ∈ (0, 1). Since
we have
which implies that T n : P → Q. Now we show that T n is a completely continuous operator. Let B ⊂ Q be a bounded set. Suppose that there exists L > 0 such that x L for any x ∈ B. For any ε > 0, by (H 2 ) we know that there is δ 1 > 0 such that
, we know that there exist a positive number δ such that
G(s, s)φ(s) ds
This implies that T n B is equicontinuous on [0, 1]. Thus, according to AscoliArzela theorem, we know that T n B is a relatively compact set, and that T n is a completely continuous operator. ✷
Proof. We may assume that
In fact, if there is µ 0 ∈ [0, 1] and z 0 ∈ ∂Q r such that z 0 = µ 0 T n z 0 , then
On the other hand,
By direct computation and (2.5), we have
It follows from (2.6) that z (t) 0 for each t ∈ (0, 1), and so z 0 (t) is a concave function on [0, 1]. It is easy to see that there exists t 0 ∈ (0, 1) such that
By (2.5) and (2.6), we have
Integrating from t (t ∈ (0, t 0 )) to t 0 and noticing that z 0 (t) is increasing with t on (0, t 0 ), we have
and so
Then integrating from 0 to t 0 and noticing that z 0 (t 0 ) = z 0 , we have
Similarly, if we integrate (2.7) from t 0 to t (t t 0 ) then from t 0 to 1, we have
From (2.9), (2.10), we have
which is a contradiction to (H 3 ). Therefore, (2.4) holds. By the properties of the fixed point index, we know that the conclusion holds. ✷
Lemma 3. There exist R > r such that
. Now we will show that for any n ∈ N y T n y, y ∈ ∂Q R . (2.13)
In fact, if there exists y 0 ∈ ∂Q R such that y 0 T n y 0 , in the same way as (2.5) we have
14)
It follows from (2.12), (2.14) that
Consequently,
, which is a contradiction to (2.11). Thus (2.13) holds. By the properties of the fixed point index, we know the conclusion holds. ✷
Lemma 4. The following inequalities hold:
Proof. By (H 2 ), we know that there exist η 1 , η 2 ∈ (0, 1) such that
For any ε > 0, it is easy to see that there exists δ 1 : 1/2 > δ 1 > 0 such that
It follows from (2.15), (2.16) that for any t ∈ (0, δ 2 )
which implies that
Similarly, we can show that Proof. It follows from Lemmas 2 and 3 that
Therefore, T n has a fixed point y n in Q R \Q r for any n ∈ N , that is,
Here, we have used the fact that
By direct computation, we have
Let S = {y n | y n is a fixed point of T n with y n r, n ∈ N} and let
It is easy to see that a 0 > 0 and b 0 < 1. In fact, if a 0 = 0, then there exists
For any t ∈ (0, t n k ), in the same way as (2.8) we have
Integrating from 0 to t n k and noticing that y n k = y n k r, we have
Letting k → +∞ in the above we obtain that Thus the condition (H 3 ) also holds. It follows from Theorem 1 that (3.6) has at least one positive solution.
Remark 1.
Clearly, in the boundary value problem (3.6) f (t, y) is not nonincreasing with y. The results in [7, 8] cannot be applied to the boundary value problem (3.6).
